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ABSTRACT
All the graphs considered in this article are simple and undirected. Let G = (V(G),E(G)) be a simple undirected Graph.
A function f: E(G) - {1,2} is called Edge Harmonic Mean Cordial if the induced function f*: V(G) — {1,2} defined by

Kl _ |2frf@) Kl _ [2raf) P : : s
ff(x=uv) = lfi(u)” ® or f*(x =uv) = [fi(u)” (v)]where u, v are the edges incident with the vertex x which satisfies

the condition |v-(i)) —v;(j)| < 1 and |e;(i) —e(j)| < 1 for any i,j € {1,2}, where vs(x) and ef(x) denotes the
number of vertices and number of edges with label x respectively. A Graph G is called Edge Harmonic Mean Cordial
(EHMC) graph if it admits Edge Harmonic Mean Cordial labeling. In this article, we have discussed Edge Harmonic Mean
Cordial Labeling of Some Cycle Related Graphs.
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AMS Subject Classification: 05C78, 05C76

Introduction

The notion of graph labeling in graph theory has garnered significant attention from scholars because of its wide-ranging
and rigorous applications in domains such as communication network design and analysis, military surveillance, social
sciences, optimization, and linear algebra. Various graph labelings are documented in the current body of literature. A
dynamic survey of graph labeling by Gallian [2] is a condensed compilation of a lengthy bibliography of articles on the
subject.

In this paper we introduce the Edge Harmonic Mean Cordial Labeling and investigate Edge Harmonic Mean Cordial
Labeling of Some Cycle Related Graphs.

We begin with simple, finite, connected and undirected graph G = (V(G),E(G)). For terminology and notation not
defined here we follow Balakrishnan and Ranganathan [1].

Let G = (V(G),E(G)) be a simple undirected Graph. A function f: E(G) — {1,2} is called Edge Harmonic Mean Cordial

if the induced function f*: V(G) — {1,2} defined by f*(x = uv) = l;g;‘i;g;] where, u, v are the edges incident with the

vertex x which satisfies the condition |v;(i) — v;(j)| < 1 and |ef(i) — e;(j)| < 1 forany i,j € {1,2}, where v;(x) and
er(x) denotes the number of vertices and number of edges with label x respectively. A Graph G is called Edge Harmonic
Mean Cordial (EHMC) graph if it admits Edge Harmonic Mean Cordial labeling. For the sake of convenience of the reader
we use "EHMC' for edge harmonic mean cordial labeling.

Motivated by the interesting results proved in [3, 4, 5, 6, 8, 9] and on Root Cube Mean Cordial Labeling in [7, 10].
Definition 1.1. [1] Cycle is a closed trail in which all the vertices are distinct. It is denoted by C,,.

Definition 1.2. [1] The Helm graph H,, is the graph obtained from a wheel W, by attaching a pendent edge at each vertex
of the n cycle.

Definition 1.3. [2] A Closed Helm graph is the graph obtained from a Helm by joining each pendent vertex to form a
cycle. It is denoted by CH,,.

Definition 1.4. [1] The Wheel graph W, is a join of two graphs K; and C,. i.e. W, = K; V C,.

Definition 1.5. [2] A Web graph Wb, is the graph obtained by joining the pendent vertices of a helm to form a cycle and
then adding a single pendent edge to each vertex of this outer cycle.

Definition 1.6. [1] A Complete graph is a type of graph where every pair of distinct vertices is connected by a single edge.
It is denoted by K,,.
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Definition 1.7. [2] The Crown C,, © K; is obtained by joining a pendant edge to each vertex of cycle C,,.

Definition 1.8. [2] The Armed Crown is a graph in which path P, is attached at each vertex of cycle C,, by an edge. It is
denoted by ACr, where n is the number of vertices in cycle C,,.

Definition 1.9. [2] The Flower Fl,, is the graph obtained from helm H,, by joining each pendant vertex to the apex of
helm.

Definition 1.10. [2] The Gear graph G,, is obtained from wheel W,, by subdividing each of its rim edge.

Definition 1.10. [2] A Shell graph is defined as a cycle C,, with (n — 3) chords sharing a common end point called the
apex. It is denoted by §,,.

Main Results

Theorem 2.1. The Cycle C,, is EHMC if n is odd.

Proof. Let G = (V,E) = C, be the cycle. Note that |[V| = |[E| = n. Let V = {x1,x,,...,x,,} be the vertex set and E =
{eq, ey, ..., e,} be the edge set of cycle C,, shown in the following figure - 1.

K41

Vi Uy
Figure-1: C,
Define a labeling function f: E(C,) — {1,2} as follows,
fle) = 1,if1 < i < =and,
fle) = 2,if2<i<n
Then vy (1) = %, v(2) = == and e, (1) = =2, e(2) = == So, we have [v, (1) — v(2)| = 1and [ef(1) — &4(2)| =

1.
Hence, The Cycle C, is EHMC if n is odd.

Illustration 2.2. EHMC labeling of C, is shown in following figure — 2.

2 1
Figure -2: C,
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Theorem 2.3. The Cycle C, is not EHMC if n is even.

Proof. Let G = (V,E) = C,, be the cycle. Note that |V| = |E| = n. Let V = {x;, x,...,x,} be the vertex set and E =
{e1, ey, ..., e,} be the edge set of cycle C,.

If possible, let there be a EHMC labeling f: E(C,) — {1,2} for graph C,,.

S0, er(1) = ef(2) = g If we assign consecutive labeling 2 on g edges of C,, then we have v,(1) = "T” and v, (2) = "T_z
Therefore |vp(1) — v (2)| =2 > 1.

Without assuming consecutive labeling 2 on g edges of C,,, we get |vf(1) — v (2)| > 2. Thus C,, does not satisfies EHMC

labeling.
Hence, The Cycle C,, is not EHMC if n is even.

Theorem 2.4. The Helm H,, is EHMC.

Proof. Let G=(V,E)=H, be the helm graph. Note that |V|=2n+1 and |E|=3n. Let V=
{v,v1,V2, .,V Vst Vnaos---» Vot DE A VErtex setand E = {ey, e,, ..., e3,} be a edge set of H,, shown in the following
figure - 3.
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Figure-3: H,,

Case 1: niseven
Define a labeling function f: E(H,) — {1,2} as follows,

fle)=2if1<is<?,

fle)=2if2n+1<i<3n,

fle)=1if 2+ 1<i<nand

f(e) =1ifn+1<i<2n

Then v(1) = n+ 1,v,(2) = n. So, we have |v;(1) — v;(2)| = 1.

Case 2: nis odd

Define a labeling function f: E(H,) — {1,2} as follows,
fle)=2if1<i<™2

fle;)) =2if2n+1<i < 3n,

fle) = 1if"7+3§ i <nand

fle) =1lifn+1<i<2n

Then v;(1) = n+ 1,v4(2) = n. So, we have |v(1) — vp(2)| = 1.
Hence, The Helm graph H,, is EHMC.
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llustration 2.5. EHMC labeling of Hs and H, is shown in following figure - 4.

Figure —4

Theorem 2.6. The Closed Helm graph CH,, is EHMC.
Proof. Let G = (V,E) = CH,, be the Closed Helm graph. Note that |V| = 2n + 1 and |E| = 4n. LetV =

{v,V1,V2,..., V0, Vny1, Vnsas - - -, Vo } the vertex set and
E = {el, ez, R en, en+1, ceeyy ezn, 62n+1, ey €3n, e3n+1, ..

figure - 5.

.,es4n} be the edge set of graph CH, shown in the following
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Figure —5: CH,

Define a labeling function f: E(CH,) — {1,2} as follows,

fle) =1if1<i<2nand

fle) =2if2n+1<i<4n.

Then v;(1) = n+ 1,v4(2) = n. So, we have |v(1) — v(2)| = 1.
Hence, The Closed Helm graph CH,, is EHMC.

Illustration 2.5. EHMC labeling of CH, and CH; is shown in following figure - 6.

Figure —6

\REDVET
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Theorem 2.6. The Wheel graph W, is not EHMC for any n.
Proof. Let G = (V,E) = W, be the Wheel graph. Note that |V| =n and |E| =2n — 2. Let V = {v,vy,v,,...,v,,_1} be
the vertex setand E = {eq, e,,..., €y, ..., €2,_»} be the edge set of W,.

Case 1: niseven
If possible, let there be a EHMC labeling f: E(W,) — {1,2} for graph W,.
n-2

If we assign consecutive labeling 2 on 2"2—_2 edges of W, then we have vf(1) = "TH and v¢(2) = - Therefore
lvr (D) —ve(2)| =3>1.

Without assuming consecutive labeling 2 on
EHMC labeling in this case.

2n-2
2

edges of W, we get |v;(1) — v;(2)| > 3. Thus W, does not satisfies

Case 2: nis odd
If possible, let there be a EHMC labeling f: E(W,) — {1,2} for graph W,.
n+3

If we assign consecutive labeling 2 on 2’12—_2 edges of W, then we have vf(1) = - and vf(2) = "T_l Therefore
v (D) —v(2)]|=2>1.
Without assuming consecutive labeling 2 on 2’12—_2 edges of W,,, we get |vf(1) — vf(2)| > 2. Thus W, does not satisfies

EHMC labeling in this case.
Hence, The Wheel W, is not EHMC for any n.

Theorem 2.7. The Web graph Wb,, is EHMC.

Proof. Let G = (V,E)=Whb, be the Web graph. Note that |[V|=3n+1 and |E|=5n. Let V=
{(V, V1, V5, o, Vpy Vg1, Vngos -+ Vo Vans1 Vanazs - - - Vsn p DE @ vertex setand E = {eq, e,,..., €5, } be a edge set of Wh,
shown in the following figure - 7.
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Figure—-7: Wb,

Case 1: 5n iseven
Define a labeling function f: E(H,) — {1,2} as follows,
fle)=1if1<i<>Tand

5n+2

f(el-) = Z,ifTS i<5n
Then vy(1) = 3"2—+Z,vf(2) = %n So, we have |v;(1) — v(2)| = 1.

Case 2: 5nis odd
Define a labeling function f: E(H,) — {1,2} as follows,

fle) =1if1 < i< and

f(eJ — 2’if5n+1

5 <i<5n
3n+1

Then v;(1) = v(2) = ——. So, we have lvs (1) — vp(2)| = 0.
Hence, The Web graph Wb,, is HMC.
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llustration 2.8. EHMC labeling of Wb, and W bs is shown in following figure - 8.

"~

»

Wb
Figure — 8

Theorem 2.9. The Complete graph K,, is not EHMC for n > 4.

Proof. Let G = (V, E) = K,, be the Complete graph. Note that |V| = n and |E| = 222, Let v = {v;, v,,..., v} be the

2

vertex setand E = {el, €yyeee, en(n_l)} be the edge set of K,,.
2
If possible, let there be a EHMC labeling f: E(K,,) — {1,2} for graph K,,.

If we assign consecutive labeling 2 on [M] edges of K,,, then we have v¢(1) =n — BJ and v (2) = EI Therefore

v (1) = v,(2)| = n =2 EJ >2> 1.

Without assuming consecutive labeling 2 on [n(nT_l)] edges of W, we get |vf(1) - vf(2)| > 2. Thus K,, does not satisfies

EHMC labeling.
Hence, The Complete graph K,, is not EHMC for n > 4.

Theorem 2.10. The Crown graph C,, © K; is EHMC for any n.

Proof. Let G=(W,E)=C,®OK, be the Crown graph. Note that |V|=|E|=2n. Let V=
{2, %10, %2, ., Xpy Xy, Xnazs -+ X2} DE @ Vertex set and E = {e,, e,,...,e,,} be a edge set of C,, © K; shown in the
following figure - 9.
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Figure-9: ¢, © K;
Define a labeling function f: E(C,, © K;) — {1,2} as follows,
fle)=1if1<i<nand
fle))=2ifn+1<i<2n
Then v;(1) = v£(2) = n. So, we have |v;(1) — v,(2)| = 0.
Hence, Crown graph C, © K; is EHMC for any n.
Illustration 2.11. EHMC labeling of C, © K; is shown in following figure - 10.
2 2
2 2
1 1 1
1 1
1 1 1 N2
2
2 2

Figure—10: €, © K4

Theorem 2.12. The Armed Crown graph ACr, is EHMC for any n.

Proof. Let G = (V,E) = ACr, be the armed crown graph. Note that |V | = |E| = 3n. LetV = {v;,v,,..., V3, } be a vertex

setand E = {e,, e,,...,e3,} be an edge set of ACr, shown in the following figure - 11.
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Case 1: nis even
Define a labeling function f: E(ACr,) — {1,2} as follows,

fle)=1if1<i<Zand

f(el-)=2if3n2—+2SiS3n
Then v, (1) = 2 = v(2). So, we have |v;(1) — v(2)| = 0.

Case 2: nis odd
Define a labeling function f: E(ACrn,) — {1,2} as follows,

fle)=1if1< i< [3{] and
flen=2if |Z|+1<i<5n
Then v, (1) = 2=, v(2) = 22
Hence, Armed Crown graph ACr, is EHMC.

So, we have |vf(1) — vf(2)| =1.

Illustration 2.13. EHMC labeling of ACr, and ACrs is shown in following figure - 12.

ACr,
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Figure — 12

Theorem 2.14. The Flower graph Fl,, is EHMC for any n.

Proof. Let G = (V,E)=Fl, be the Flower graph. Note that |V|=2n+1 and |E|=4n. Let V=
{(V, v, V5, .., Vp, Vg1, Vngos -, Xan } DE @ vertex set of G and E = {ey, e,,...,e4,} be a edge set of G shown in the
following figure - 13.

Von Un+1

Figure - 13: Fl,

Define a labeling function f: E(Fl,) — {1,2} as follows,

f(e;)) =1if1 <i<2nand

fle)=2if2n+1<i<4n

Then v¢(1) = n + 1,v4(2) = n. So, we have |vf(1) - vf(2)| =1.
Hence, The Flower graph Fl,, is EHMC for any n.
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Ilustration 2.15. EHMC labeling of Fl, is shown in following figure - 14.

Figure —14: Fl,

Theorem 2.16. The Gear graph G,, is EHMC for odd n.

Proof. Let G = (V,E) =G, be the Gear graph.
{v,v1,V2, .,V Vnst1, Vnaos---» Vo } DE @ vertex set and E = {ey, ey, ..

v
€3n
U2n
€3n—1
Voan—-1

following figure - 15.

€on+i

Note

1

that

Ui

Define a labeling function f: E(G,) — {1,2} as follows,
flen=1if1<is<[?.

fle)) =1ifn+1<i<2n-1

fled=2if [} +1<i<nand
fle)=2if2n<i<3n

Then v¢(1) = n + 1,v4(2) = n. So, we have |vf(1) — vf(2)| =1.

Hence, The Gear graph G, is EHMC for odd n.

e s
€2n+2 i et
°—

€2n+1

Un
Figure - 15: G,,

€2n

[V]=2n+1 and

|E| = 3n.
.,e3n} be an edge set of G, as shown in the

Let

V=
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Ilustration 2.17. EHMC labeling of G5 is shown in following figure - 16.

Figure — 16: G5

Theorem 2.18. The Gear graph G,, is not EHMC for even n.

Proof. Let G=(V,E)=G, be the Gear graph. Note that |V|=2n+1 and |E|=3n. Let V=
{(v, v, V5, .., Vpy Vg1, Vngo, .-, Vo } e @avertex setand E = {eq, e,,..., e3,} be an edge set of G,,.

If possible, let there be a EHMC labeling f : EG_n) — { 1,2} for graph G,,.

If we assign consecutive labeling 2 on 32—" edges of G,, then we have v;(1) =n + 2 and v(2) = n — 1. Therefore

Without assuming consecutive labeling 2 on 32—" edges of G,, we get |vf(1) — vf(2)| > 3. Thus G,, does not satisfies

EHMC labeling.
Hence, The Gear graph G,, is not EHMC for even n.

Theorem 2.19. The Shell graph S,, is EHMC for odd n.
Proof. Let G = (V,E) = S, be the Shell graph. Note that |V| =nand |[E| =2n—3. LetV = {x;, x5, ..., X} be a
vertex setand E = {ey, e,, ..., €,,_3} be an edge set of S,, shown in the following figure - 17.

€; Y;

Un—i
Figure —17: S,

Define a labeling function f: E(S,) — {1,2} as follows,
fle)=1if1<i<™=,
fle)=1ifn+1<i<™2

f@Q:Zﬁ%?SiSnmd
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f@gzzn‘t“SiSZn—s
Then v¢(1) = n+1,vf(2) = nT_l So, we have |vf(1) — vf(2)| =1.
Hence, The Shell graph S,, is EHMC for odd n.

2

llustration 2.20. EHMC labeling of S is shown in following figure - 18.

Figure —18: S,

Theorem 2.21. The Shell graph S,, is not EHMC for even n.

Proof. Let G = (V,E) = S, be the Shell graph. Note that |V| =nand |E| =2n—3. LetV = {x;, x5, ..., x,} be a
vertex setand E = {ey, e,,...,€,,_3} be an edge set of S,,.

If possible, let there be a EHMC labeling f: E(S,,) — {1,2} for graph S,,.

If we assign consecutive labeling 2 on [2"2_3] edges of S,, then we have v;(1) = "T” and v;(2) = nT_Z Therefore
v (D) —ve(2)]|=2>1.

Without assuming consecutive labeling 2 on [

EHMC labeling.
Hence, The Shell graph S,, is not EHMC for even n.

2n

2_3] edges of S,,, we get |v;(1) — v (2)| > 2. Thus S,, does not satisfies

Conclusion

In this article, we have discussed Cycle C,, for odd n, Helm H,,, Closed helm CH,,, Web Wb,,, Crown C,, © K;, Armed
Crown ACr,, Flower Fl,,, Gear G,, for odd n and Shell S,, for odd n are Edge Harmonic Mean Cordial Graphs, respectively.
Also, we investigate Cycle C,, for even n, Wheel W,,, Complete graph K,,, Gear G,, for even n and Shell S,, for even n are
not Edge Harmonic Mean Cordial Graphs, respectively.

Acknowledgement
The authors are very much thankful to the anonymous reviewers for their valuable and motivating suggestions and in-
depth review.

References

[1] Balakrishnan, R., & Ranganathan, K. (2012). A textbook of graph theory. Springer Science & Business Media.

[2] Gallian, J. A. (2024). A dynamic survey of graph labeling. Electronic Journal of combinatorics, 6(26), 4-623.

[3] Gandhi, H., Parejiya, J., Jariya, M. M., & Solanki, R.. (2023). Harmonic Mean Cordial Labeling of One Chord Cn
V G. International Journal of Membrane Science and Technology, 10(4), 2449-2456.

[4] Gandhi, H., Parejiya, J., Jariya, M. M., & Solanki, R.. (2024). Harmonic Mean Cordial Labeling of Some Cycle
Related Graphs. Educational Administration: Theory and Practice, 30(1), 1180-1188.

[5] Gandhi H., Parejiya J., and Jariya M., (2025), Harmonic Mean Cordial Labeling In The Scenario of Duplicating
Graph Elements, TWMS Journal of Applied And Engineering Mathematics, 15(6), pp. 1594-1607.

[6] Gowri, J., & Jayapriya, J. (2021). Hmc Labeling of Certain Types of Graph. Turkish Journal of Computer and
Mathematics Education, 12(10), 3913-3915.

[71 Mundadiya, S., Parejiya, J., & Jariya, M. M. (2024). Root cube mean cordial labeling of C,, v C,,,, for n,m € N.
TWMS Journal of Applied And Engineering Mathematics.

2208


http://www.veterinaria.org/
http://www.veterinaria.org/

REDVET - Revista electrénica de Veterinaria - ISSN 1695-7504
Vol 25, No. 2 (2024)

http://www.veterinaria.org

Article Received: Revised: Accepted:

[8] Parejiya, J., Lalchandani, P. T., Jani, D. B., & Mundadiya, S. (2023, November). Some remarks on harmonic mean
cordial labeling. In AIP Conference Proceedings (Vol. 2963, No. 1, p. 020019). AIP Publishing LLC.

[9] Parejiya, J., Jani, D. B., & Hathi, Y. M. (2024). Harmonic Mean Cordial labeling of some graphs. TWMS Journal of
Applied And Engineering Mathematics.

[10] Parejiya, J., Mundadiya, S., Gandhi, H., Solanki, R., & Jariya, M. (2023, November). Root cube mean cordial labeling
of K; , X B,. In AIP Conference Proceedings (Vol. 2963, No. 1, p. 020020). AIP Publishing LLC.

2209


http://www.veterinaria.org/
http://www.veterinaria.org/

