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ABSTRACT

Let G(V, E) be a simple connected undirected graph. Let |[V| = p, |E| = g and let C = {1,2,...,p + gq}. G is said to admit
cardinal labeling if the one-to-one function f from the vertex set I into the set C generates a one-to-one edge function
f* onto the set C\f (V) defined by |f(w) — f(v)| = f*(uv) V uv € E. A graph G is said to be cardinal if it admits cardinal
labeling. In this paper we have discussed cardinal labeling for H-graph H,,, subdivided H-graph S(H,,), corona of H-graph
H, ©K;, H, ©mkKj, and H-cracker graph H,, .

Keypoints: cardinal, graph subdivision, graph corona, H-graph, H-cracker graph
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1 INTRODUCTION

Motivated by magic and graceful labelings [1], our work is based on a new type of labeling wherein we optimally assign
unique non-repetitive labels to the vertices and the edges of a graph, ranging from 1 up to the sum of the order and size
of the graph, where the edge labels are simply the absolute difference of the vertex labels. We call this labeling as cardinal
labeling and any graph admitting this labeling can rightly be called cardinal. All the graphs that we take into consideration
are simple, connected and undirected. This work discusses the labeling for graphs like H-graph, subdivided H-graph
S(H,), corona of H-graph H, © K;, H, © mK; and H-cracker graph H,, .

Definition 1.1

Let G(V, E) be a simple connected undirected graph. Let |[V| = p, |E| = g and let C = {1,2, ...,p + q}. G is said to admit
cardinal labeling if the one-to-one function f from the vertex set IV into the set C generates a one-to-one edge function
f* onto the set C\ f (V) defined by |f(u) — f(v)| = f*(uv) VY uv € E. A graph G is said to be cardinal if it admits cardinal
labeling.

Definition 1.2 [2]

The H-graph is the graph obtained from two copies of path B, with vertices uy, u,, ..., u, and vy, v,, ..., v, by joining the
vertices Un+1 and vn+1 if n is odd and ug 4 and vg if n is even. We denote H-graph by H,,.

2
Definition 1.3 [3]
Let G4, G, respectively be (p1, q1), (02, q2) graphs. The corona of G; with G, is the graph G; ® G, obtained by taking one
copy of G; , p; copies of G, and joining the i'th vertex of G; by an edge to every vertex in the i'th copy of G, where
1<i<p.
Definition 1.4 [4]
The graph H,, © K; is obtained by adding a pendant edge to each vertex of H-graph H,,.
Definition 1.5 [5]
The graph H,, © mKj is a graph obtained from H-graph H,, by attaching m pendant vertices at each i*" vertex on the two
paths on n vertices for 1 < i < n.

Definition 1.6 [3]

If e = wuvw is an edge of G then e is said to be subdivided when it is replaced by the edges uw and wv, where w is the
vertex that subdivides edge uv. The graph obtained by subdividing each edge of a graph G is called the subdivision graph
of G and is denoted by S(G).

Definition 1.7

Let G be a graph obtained by the concatenation of 2n stars K; , to H-graph H, by attaching the central vertices of each
Ky x to each i*" vertex on the two paths on n vertices of H,, for 1 < i < n. We call this graph as H-cracker graph and we
denote this graph as H,, j.

2251


http://www.veterinaria.org/
http://www.veterinaria.org/

REDVET - Revista electronica de Veterinaria - ISSN 1695-7504

Vol 25, No. 1 (2024)

http://www.veterinaria.org

Article Received: 01/07/2024 Revised: 10/08/2024 Accepted: 13/09/2024

2 MAIN RESULTS

Theorem 2.1

H-graph H,, is cardinal.

Proof

The H-graph is the graph obtained from two copies of path P, with vertices u,, Uy, ..., U, and vy, vy, ..., v, by joining the
vertices un+1 and vn+1 if n is odd and un , and vn if n is even. It has 2n vertices and 2n — 1 edges, so C becomes C =

{1,2,.. 4n —1}L We define the vertex functlon f: V — C for the graph as follows.

Fuw) = { —i when i is odd, vn
v when i is even, vn
. . n+i—1 heniis odd
Case (i) When nisodd, f(v;) = { _ xhen [ is even
. . 3n —1 hen iis odd
Case (ii)) When nis even, f(v;) = {n tio1 :vvhen i is even
31

Figure 1: H-graph Hg

These functions assign members of C uniquely to the vertices of the graph. The edge labels are assigned under the induced
functions f*: E = C\f (V) ; i.e., by finding the absolute difference of the corresponding vertex labels.

ffluyup) =14n—i—((+1) - 1| =22n—-1), when i is odd, vn

fruuieq) = |i -1- (4n -+ 1))| =202n—1), when i is even, vn
Case (i) When n is odd

Fr(0ivisy) = {ln +i—-1-CBn-(>(+1)|=|-2n-0)|=2(n-1i), when i is odd
s Bn—i—Mm+@{+1) -1 =2(n-1), when i is even
n+1 n+1 n+1
|4-n—( > )—(n+( > )—1)|=2n, when is odd
f*(u"T“v"T”>= n+1 n+1 n+1
—1—(3n-— ( ) = |-2n| = 2n,when is even
2 2 2
Case (ii) When n is even
X Bn—i—-Mm+@{+1) -1 =2(n-10), when i is odd
frwig) = C 4 s — | _ N = — i
|n +i—1 (3n i+ 1))| =|-2n—-1i)|=2(n-1), when i is even
n n n
|(§+ 1)—1—(3n—5)|=|—2n|=2n, whenzisodd
fr (u§+1vg) = n n n
|4n—(z+ 1)—(n+§—1)|=2n, when — is even

2
On doing so, it could be seen that all the edges receive members of C other than the ones that were given to the vertices;

i.e. C is covered by the labels of the vertices and edges disjointly. Hence H-graph admits cardinal labeling.
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Theorem 2.2

Subdivided H-graph S(H,,) satisfies cardinal labeling.

Proof

Let uy, uy, ..., u, and vy, vy, ..., v, be the vertices of the two paths of length n — 1 of H,,. Each edge u;u;,4 is subdivided

by the vertex u;,1 < i < n — 1, and each edge v;v;,, is subdivided by the vertex v;,1 < i < n — 1. The edge un+1vn+1
2

2
is divided by a vertex w when n is odd and the edge un, vn is divided by a vertex w when n is even. The graph S(H,,)
2 2

has 4n — 1 vertices and 4n — 2 edges. We have C = {1,2, ...,8n — 3}. Define f:V — C as follows.
fw)=20-1, i=12,..,n
f)=@n-1-2i, i=12.,n-1
5n whenn is odd
fowy ={

5n+1 whenniseven
fw)=02n-1)+2i i=12,..,n

6n+1)—2i, i=1.2,.. 21
n+1 2 when n is odd
(n—-1)—-2i, i=——,..,n—1
fw) = 2
(en+1)-2i,i=12,.., >

when n is even
| (6n—1) -2 i=%,...,n— 1
For the vertex labeling f, the induced edge labeling f*: E = C\f (V) is given as follows.
fruwu) =[2i—1—-((8n—1) — 2i)| = |-8n + 4i| = 4(2n — i),
i=12,..,n—1, vn
frflujui) =18n—-1-2i—QR>IE+1) -1 =42n—-1i) — 2,
i=12,..,n-1, vn

+1
f*(Un_HW)=|2(n2 )—1—5n|=4n

2

Case (1) When n is odd

n+1
f*(WUn_H)= 5n — (2n—1)+2(T) =2n
2

n—

ffow)=12n—1+2i—(6n+1-2)|=4(n—-i)+2, i=12,.., >
n—

ffwvy)=len+1-2i—(2n—1+2@+1D)|=4(n-0), i=12,.., 5

. . ) . n+1

v,v;) = |2n — i— n — —2i)|=4(n—1i), [=—),..,n—

frw)) = [2n—1+2i = ((6n = 1) - 2) | = 4(n - ) . 1
, ) ) . . n+1
V; V; =|n—1—-2i—(2n — i =4(n—1)—2,i = y e, N —
frwvy)=len—1-2i—(2n—1+2(+1D)|=4(n—-) -2 > 1
Case (ii) When n is even
* 22+ 1) —1-Gn+1)|=4
f (ug+1w)—| (§+ )— - (Gn+ )|— n
n
f* <Wvg) =lsn+1- <(2n— 1)+ 2(—)>| =2(n+1)
2 2

n-—2

ffvv)=12n—-1+4+2i—(6n+1-20)|=4n—-1i) +2, i=12,.., >
n—2

) =len+1-2i—(2n—1+4+2@(+1)| =4 -0, i=12.., 5

fr*wv) = |2n— 14 2i— ((6n—1) —Zi) | =4(n—1i), i=g,...,n— 1

ffwvy)=len—1-2i—2n—-1+2(+1)|=4n-)—-2,i= z

= .,n—1
2r ;n
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Figure 2: S(H7)

Now, both the vertex set and edge set are distinctly labelled with the members of C which defends our definition. Hence
subdivided H-graph is cardinal.

Theorem 2.3

H, ® K; admits cardinal labeling.

Proof

Let uq, Uy, ..., U, and vy, vy, ..., U, be the two path vertices of H, and uj,us,...,u; and vi, vy, ..., v, be the pendant
vertices adjacent to w;s and v;s respectively (i = 1,2, ...,n). H, © K; has 4n vertices and 4n — 1 edges and so C =

{1,2,...,8n — 1}. Define f:V — C by
Flup) = {871 +1—2i wheniisodd vn

22i_— 11 W};len iis eiélec?
f(u{):{ i wheniiso

8n+1—2i wheniiseven

)

Case (i) When n is odd
Fv) = {Zn — 14+ 2i wheniisodd
; 6n+1—2i wheniiseven
Foh) = {671 +1—2i wheniisodd
' 2n—1+2i wheniiseven
Case (ii) When n is even
Flv) = {671 +1—2i wheniisodd
' 2n—1+ 2i wheniiseven
Foh) = {Zn — 14+ 2i wheniisodd
! 6n+1—2i wheniiseven
The induced edge function f* onto the set C\f (V) is given below.
) =1Bn+1)-2i—Q2>GE+1)-1)| =42n—1), iisodd, vn
fruu) =|Qi—1)—(Bn+1) -2+ 1) =4@n-1), iisodd, Vn
ffluu) =1Bn+1-20) —2i— 1| =4@n—i)+2,iisodd,Vn
ffluu) =12i—1)—-@Bn+1-2)|=[8n—4i+2|=42n—i)+2,iiseven,Vn
Case (i) When n is odd
fr <unT+117nT+1) = |8n +1-2 (nTH) — ((Zn -1 +2 (nTH>)| = 4n, when nTH is odd
fr (unTHUnTH) = |2 (nTH) -1- (6 (nTH) + 1)| = |—4n| = 4n, when nTH is even
ffowy) =2n—1+2i—(n+1-2(+1)|=4(n—-1i), iisodd
fr(wivie) = |6n +1-2i— (Zn —-14+20+ 1)) | =4(n — i), iiseven
ffov)=12n—1+2i—(6bn+1-2)| =|-4n—-2+4i| =4(n—-i) + 2, iisodd
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fflvv)=len+1-2i—2n—-1+2)| =4n—-1i) + 2, iiseven
Case (ii) When n is even
ffowy) =len+1-2i—(2n—1+2@{+1)|=4(n—-1i), iisodd
ffwvi) =2n—1+2i—(6n+1-2@{+1))|=4(n—1i), iiseven
fflvv)=len+1-2i—-2n—-1+2)|=4n—-1i)+2, iisodd
fflvv)=12n—-14+2i—(6n+1-20)|=4(n—-10)+2, iiseven
. n n n
f (ugﬂvg) = |2 (§+ 1) —-1—(en+1-2 (§)| = |—4n| = 4n,when 5 s odd

f* (u%ﬂv%) = lsn+1-2 ("Zj) - <2n —1+2 (g))

The resultant edge labels obtained by the absolute difference of the incident vertex labels are all distinct in C. Also all the

vertices of H, ® K; have distinct labels of C that were not given to {E}. The resultant labelled corona graph of H,, is hence
cardinal.

n
= 4n,when > is even

30

1 47 17
62 63
60 28
26
19 45
61 = 3
56 24
22
5 ” 59 1306———92]
52 20

40 8
6
lsoT.Sl 35——e29
36 4
40 ——@15 310—02 33

34
Figure 3: Hg© K,

Theorem 2.4

H, ®mK; ,m > 2 is cardinal.

Proof

Let u;s and v;s, 1 < i < n, denote the vertices of the two paths on n vertices and u;;s and v;;s,1 < j < m, denote the
pendant vertices attached to each vertex of the two paths of H,,. The graph has 2n(m + 1) vertices and 2n(m + 1) —

1 edges. We have C = {1,2, ...,4n(m + 1) — 1}. We begin labeling the vertices of H,, © mK; under the function f:V —
C defined as follows.

Flup) = {i +m(i—-1) when i is odd, vn
! (4n—i)(m+1)+1 wheniiseven, vn
f(u-‘) _ {(m +1)M4n+1-i)—(2j—1) wheniisodd, j=12,...,m, Vn
Y m+1DE-2)+@2j+1) when i is even, j=1.2,..,m, ¥Vn
Case (i) When n is odd
Flvp) = { (m+1)(Bn—i)+1 wheniisodd
¢ m+1)(n—1+i)+1 wheniiseven

f(v--) _ { m+1D(n—-2+i)+ (2j+1) wheniis odd, j=12,..,m
Y (m+1)@Bn+1-i)—(2j—1) wheniiseven, j=12,..,m
Case (ii) When n is even
flv) = {(m +1)(n—1+4+i)+1 wheniisodd
: (m+1)(Bn—-i)+1 wheniiseven
f(v~) _ {(m +1)(Bn+1—-i)—(2j—1) whenis odd, j=12,..,
H m+1D(m—-2+1i)+ (2j +1) wheniis even, j=12,..
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These vertex functions for odd and even n of H,, © mKjin turn induce corresponding edge functions for odd and even n
defined under f*.

Definef*: E = C\f (V) by,
fruug) =li+m@i-1)—(m+1D)@n -G +1)+1)|
=2(m+1)(2n—i),iisodd,Vn
fruug) =|@n—-Dm+1)+1-((+D+m@i+1-1)|
=2(m+1)(2n —1i),iis even,Vn
fruwwg)=i+m@i-1)—-((m+1D@n+1-0)-(2j-1)|
=2(m+1DC@2n+1-i)—j),iisodd,j=12,..,mVn
fruw;)=|m+1D@n-D)+1-((m+ DG -2)+(2j+ D)
= 2((m +1D)2n+1-1) —j),i iseven,j =1,2,..,m,Vn
Case (i) When n is odd
Fr(Wivieg) = |(m +1DG@rn-0)+1- ((m +D(n-1+G+1D)+ 1)|
=2(m+ 1)(n—1i), iisodd
Fr(Wivieg) = |(m +DMm-1+)+1- ((m +1DBn-G+1)+ 1)|
=2(m+ 1)(n—1i), iis even
ffvwy)=|m+1DBn—-)+1-((n+Dn -2+ +2j+1)|
=2(m+1Dn+1-0—j), iisodd, j=12,...m
ffovy)=lm+Dn-1+D+1-((m+1DBn+1-0)—(2j—1)|
=2(m+Dn+1-0)—j), iiseven, j=12,..,m

F (mgrng) =[5 #m (2= 1) = (om0 (3n- (55)) 41
=2n(m+ 1), when e ; ! is odd
£ (unT-l-lUnT-i-l) = ‘(m +1) <4n - (%1)) +1- ((m +1) (n 1+ (%1» + 1>
=2n(m+1), when ntl is even

Case (ii) When n is even
frwwin) = |[m+ Da-1+0+1-(m+DEn— G+ 1) +1)|
=2(m+ D(n—-1), iisodd
frWwin) = |[m+ DB - +1—(n+D(n -1+ +1)+1)|
=2(m+ 1)(n—1i), iis even
ffovy)=lm+Dn-1+D+1-((m+1DBn+1-0)—(2j—1D)|
=2(m+1Dn+1-10—)), iisodd, j=12,..,m
frvwy)=|m+1DBn—-)+1-((m+Dn -2+ +2j+1D)|
=2(m+Dn+1-0)—j), iiseven, j=12,..,m

f*(ugﬂv%): |(m+1)<4n—(%1>>+1—<(m+1)(n—1+g)+1>|

n
=2n(m+ 1), when 3 is odd

F (un,om) = ‘(g +1)+m(3)- ((m +1)(3n-2)+ 1)|

n
=2n(m+ 1), when 3 is even

On labeling the vertices and edges of H, ® mK; we see that all the members of C have been uniquely assigned without
repetition under f and f* respectively. Hence the definition of cardinal labeling is satisfied for both odd and even cases
of n. So, we may conclude that H,, ©® mK; ,m > 2 admits cardinal labeling.
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Figure 4: Hg © 3K,

Theorem 2.5
Cardinal labeling is true for H-cracker graph H,, .
Proof
Letuy, Uy, ..., Uy and vy, vy, ..., v, denote the vertices of the two paths of H,,. Letu; and v; ,1 < i < n, denote the central
vertices of the 2n stars K, ; attached to ;s and v;s respectively and u;js and v;;s (1 < i <n;1 <) < k) denote their
corresponding pendant vertices. H-cracker graph has |V| = 2n(k + 2),|E| = 2n(k + 2) — 1 and so |C| = 4n(k + 2) —
1. We try to label the vertices of the graph cardinally by defining a function f:V — C by,
Flup) = {(k + 2)(4n -+ 1)) +3, when i is odd, vn
' k+2)({—-2)+3, when i is even, vn
flul) = { k+2)i-1)+1, when i is odd, vn
t (k+2)(4n—-i)+1, when i is even, vn
_((k+2)An+1-0D)—-(2j-1), when i is odd, vn
f(u”) - { (k+2)0—2)+(2j +3), when i is even, vn
Case (i) When n is odd
k+2)(n—2+10)+3, when i is odd
flo) = {(k +2)Bn—-(+1)+3 when n is even
Fwl) = { k+2)@Bn—-i)+1, when i is odd
: k+2)(n—1+0)+1, when i is even
_(k+2)(n =2+ +(2j +3), when i is odd
f(vij) - {(k +2)Bn+1-i)—(2j—1), when i is even
Case (ii) When n is even
(k + 2)(3n -+ 1)) + 3, when i is odd
k+2)(n—2+10)+3, when i is even
Fwl) = {(k +2)(n—1+i)+1,  wheniisodd
¢ (k+2)(Bn—1i)+1, when i is even
_((k+2)Bn+1-D)—-(2j-1), when i is odd
f(vij) _{(k+2)(n—2+i)+(2j+3), when i is even
Under f, all the vertices receive distinct members of C. f induces f*: E — C\f (V) given by,
|G+ 2@n—i- 1) +3 - ((k+ (@ +1)—2) +3)| =20 + )20 - 1),

fw) ={

Fr (g = when i is odd, vn

iUiy1) =

’ |+ 2 —2)+3 - (e + 2D (40— G +1+ D) +3)| =20k + D@n - D),
when is even, vn

2257


http://www.veterinaria.org/
http://www.veterinaria.org/

REDVET - Revista electronica de Veterinaria - ISSN 1695-7504

Vol 25, No. 1 (2024)

http://www.veterinaria.org

Article Received: 01/07/2024 Revised: 10/08/2024 Accepted: 13/09/2024

|k +2)(4n -+ D) +3-(k+2)G -1 +1)|=2(k +2)2n—1i) + 1),

fr(uul) = when i is odd, vVn
o |k +2)(-2)+3—-((k+2¢Un-D)+1)|=2(k+2)2n+1-1) - 1),
when i is even, vn
[(1Gk+2G-D+1-((k+2D@n+1-0~@2j-D)|[=2(k+2)@n+1-D~)),
f*(ull'uij) - wheniis odd,V n

[k+2)(4n—D+1—-((k+2)(-2)+@2j+3)|=2(k+2)2n+1-) -G+ 1)),
when i is even,Vn
Case (i) When n is odd

|(k+2)(n—2+i)+3—((k+2)(3n—(i+1+1))+3)|=2(k+2)(n—i),
(1.0 = when i is odd
[ @ie) k|(k+2)(3n—(i+1))+3—((k+2)(n—2+i+1)+3)|=2(k+2)(n—i),
hen i i
|k+2)(n—2+D)+3-((k+ %éﬁ l—lf)e-te{lﬂ =2(k+2)(n+1-1i)—1),
X N when i is odd
frlw) = |k +2)Bn—(+1D)+3—-(k+2D(n—-1+D)+1)|=2(k+2)(n—1i) +1),
hen i i
([k+2)Bn—D+1—((k+2)(n- 2W+glil(52?vf1§))| =2(kk+2)(n+1-D) -G +1),
) _ when i is odd
PO = s D=1+ D+ 1= (G +2DGr 41— D) — @ — D] = 2(Ce+ 2D+ 1) — ),
k when i is even

n+1 n+1
‘(k+2)<4n—(T+1)>+3—<(k+2)(n—2+(T))+3> = 2n(k + 2),
b n+1 dd
when iso

f* (un+lvn+1) = 2

2 T2z n+1 n+1

(k+2)<T—2)+3—<(k+2)(3n—(T+1>)+3> = 2n(k + 2),

n+1

when is even

Case (ii)) When n is even
|k +2)Bn—(G+D)+3-((k+2)(n—2+i+ 1D +3)| =2k +2)(n—1i),
when i is odd

fr@ivi) = |(k +2D)(n—2+0)+3- ((k +2)(Bn-(+1+1)+ 3)| =20k +2)(n — D),

when i is even
|k +2)Bn— G+ 1D +3—(k+ 2D —1+D+1)| =2(k + D(n— i) + 1),
* N when i is odd
PO =0 |+ Dm—24D+3— ((e+2Gn—D +1)| =20+ D +1-D) — 1),
when i is even
e+ 2)(n—1+D)+1-((k+2)Bn+1-0) - @2 - D) =2(+2)n+1-1i) —j),
w1 _ when i is odd
P =Y Gt pEn =+ 1- e+ D0 - 240 + @ +3)| = 2( + D+ 10 - G+ ),
when i is even

(k+2)(;+1—2)+3—<(k+2)<3n—(g+1>>+3>

f*(ugﬂv%) = ‘(k+2)<4n—(;+1+1))+3—((k+2)(n—2+g)+3)| = 2n(k + 2),

n
= 2n(k + 2),when > is odd

n
when ) is even

Once all the edges are given the suitable labels, it could be observed that both the vertex and edge labels of H,, j are
unique members of C. This leads us to a conclusion that H-cracker graph admits cardinal labeling.
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Figure 5: Hs 4

3 CONCLUSION

In this work we have discussed cardinal labeling for H-graph, subdivided H-graph S(H,,), corona of H-graph H, ® K, ,
H,, © mK; and H-cracker graph H,, ;. Extending this work to various other graph operations related to H-graphs could be
worked on by the reader.
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